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In this note, we consider the following minimization problem:

minimize f(z),
subject to x € C,
where f: R? — (—o00,00] and C' C dom(f) := {z € R?: f(z) < co}. Let f* = inf,cc f(x)

denote the optimal value of this minimization problem. In this note, we study fundamental
methods that use the gradient of f to approximate f*.
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1 Gradient Descent under Smoothness

Throughout this section, we consider the unconstrained case, namely, C = R?; we also
assume that f: R? — R is differentiable. We study a method called gradient descent defined
as follows: given an initial point zq € R?, for k > 0, iterate

Tpy1 < Tp — 'V f(x) for some suitable t; > 0,

where we call £, > 0 the step size at x;. In other words, gradient descent updates a point
71, € RY by moving it along the direction parallel to —V f(z) by a suitable amount according
to the step size t; > 0. The rationale behind using such an update rule for minimizing f is
motivated by the fact that —V f(xy) is a direction that decreases f at point xy.

Descent directions Given V f(z;) # 0, we call v € R? a descent direction of f at xy, if the
directional derivative D, f(xy) = (V f(x),v) is negative. For any descent direction v € R,

flay +tv) = f(ar) + UV f(21), 0) + o(t), (1)

which implies f(zy+tv) < f(zy) for sufficiently small £ > 0 such that |o(t)| < —t(V f(zx),v).
Clearly, —V f(z) is a descent direction; in fact, it is a steepest descent direction, which
provides a direction in which f decreases most rapidly in the following sense: provided

V f(xx) # 0,

argmin Do () = svgmin(V (2).) = ~ 5 7

In particular, taking —V f(z) as a descent direction, (1) becomes

[z =tV f(2r) = flzr) — |V f(z)]3 + olt). (2)

Again, as long as xy is not a stationary point, i.e., V f(xy) # 0, we can always (monotonically)
decrease the value of f by taking #;, > 0 sufficiently small so that o(t;,) < t||V f(z)||3 and
updating zy to the point a1 < xp — 6,V f(2x). Therefore, gradient descent is indeed a
descent method, namely, f(zx11) < f(zx) for a sufficiently small step size t, which leads to
the name “gradient descent”.

Advantages of gradient descent Gradient descent is implementable as long as V f(z)
is computable for any # € R?. Therefore, gradient descent is suitable for applications where
the computation V f, which we often call the first-order oracle, is inexpensive. Especially,
gradient descent requires less memory than other algorithms based on higher order oracles,
e.g., the second derivative V2f € R4,

Remark 1. Note that gradient descent stops if V f(x;) = 0 for some k > 0, i.e., it stops
if it reaches a stationary point. In practice, one may specify a stopping criterion so that
gradient descent terminates once V f(zy) is sufficiently close to 0. For instance, gradient
descent terminates if |V f(zx)||2 < &, namely, zj is an e-stationary point of f, where ¢ is a
user-specified stopping tolerance.



Remark 2 (Other interpretations). There are other ways to interpret gradient descent
update rule xy 1  x — 6V f ().

e Quadratic approximation: for any t; > 0, note that z; — t,V f(x) is the unique
minimizer of the following quadratic function

fouw+%Vﬂm%x—m)+£jw—wM§

In other words,

) 1
et = anganin  f(an) + (V) = 0 + 51 o = ).
z€R4 tk

e Local first-order approximation: one can also view it as the unique minimizer of the
following local first-order approximation

Tpy1 = arg n}iin (f(zr) +(Vf(ar), x — 1)),
z€eR
lz—zkl|2<rg

where 7, = t||V f(zg)]|2-

1.1 Gradient descent: sufficient decrease under smoothness

We have mentioned that gradient descent is a descent method under the differentiability of
f, namely, f(zpy1) < f(zy) if the step size t;, > 0 is sufficiently small. This means that f(xy)
will converge as k — oo provided f is bounded below, i.e., f* > —o0. Of course, there is no
guarantee that the limit limy_,o f(xg) is the minimum f*; in other words, it is impossible
to quantify the gap between limy_,, f(xx) and f* without any further assumptions.

In this section, we focus on the most fundamental assumption (smoothness of f) for
gradient descent to produce sufficient decrease in f. We will later see that sufficient decrease
enables gradient descent to find a stationary point, which will play a crucial role in finding
the minimum f* under convexity.

Definition 1. f: RY — R is said to be L-smooth if
IVf(z) = VIl < Lllz =yl Yo,y € R
In other words, V f is L-Lipschitz.

In (2), we have already seen that o(ty) < t||V f(zx)||3 leads to f(zri1) < f(zx). From
this, one can deduce that the key to the sufficient decrease, namely, f(zx.1) is sufficiently
smaller than f(xy), is to control the error of the first-order approximation, i.e., o(t) in (2).
The next lemma shows that L-smoothness yields o(t) = O(t?) so that o(t) converges to 0
much faster than ¢ as ¢ — 0.

Lemma 1. If f: R? — R is L-smooth, we have
L
) = f@) = (Vf(2)y =) < Sy -2l Yo,y R
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Proof. Let g(t) = f(z + t(y — x)) for t € [0,1]; then, ¢'(t) = (Vf(x + tly — x)),y — z),
9(0) = f(z), and g(1) = f(y). Since

F(y) — F(x) = 9(1) — g(0) = / J(t)dt = / (Vf(@+ ty — 2)),y — ) dt,
we have

[f(y) = @) = (Vf(x),y — )| = /O (Vf(z+ty —2) = Vfr)y—z)d

1

< / IV £z 4+t — ) — V(@) ally — o]l
1

< / Lty — o2 dt

L
= Sl - =l

where the first inequality follows from the Cauchy-Schwarz inequality and the second in-
equality follows from the L-smoothness of f. O]

By Lemma 1, we have the following concrete upper bound on the error of the first-order
approximation o(t) in (2):

olt) = | — 19 £(21)) — () + IV S )] < 219 £l
Therefore,
Flon =195 @) < o)~ (1= 5 ) 190l

implying that updating from xz to z; — tV f(z;) monotonically decreases the value of f
provided 0 < t < %; in other words, gradient descent is a descent method.
Particularly, we have

flon = V1) < fon) = LIV @R 0 << 7, 3)

which means that z, — z, — tV f(2;) decreases the value of f by at least £||V f(xy)||3. We
often say that (3) provides sufficient decrease.

Choosing the step size When L is known, letting ¢, = % for all £ > 0, namely, taking
the constant step size, is the simplest way to enjoy the above sufficient decrease. In practice,
however, it may be difficult to estimate the constant L. In such a case, one may repeat
decreasing t until the sufficient decrease is satisfied, i.e.,

=19 £ () < flw) = 51V )3

More generally, one may use the following backtracking line search method to achieve a
slightly different form of sufficient decrease.



Backtracking line search
e require t > 0, a € (0,1), and 8 € (0,1),
o set t;, + t,

e repeat ty < Bt until f(zp — eV f(xr)) < flor) — ate|| Vf(zr) |3

1.2 Finding a stationary point under smoothness

Gradient descent is all about local movement hoping to decrease the value of f at every
iteration based on the first-order oracle. However, this first-order information reveals nothing
about the optimal value or global minimizers. Even if we have sufficient decrease under
smoothness as earlier, gradient descent may not reach the optimal value f* without further
assumptions on f; all we can do with gradient descent is to keep moving as long as it is not
a stationary point.

It turns out, however, that sufficient decrease allows us to find a stationary point under
smoothness. More concretely, if f is L-smooth, we can quantify the smallest possible norm
of the gradient |V f]|, after N iterations as O(1/v/N).

Proposition 1. Suppose f: R — R is L-smooth and f* = inf,cga f(z) > —oo. Then,
gradient descent with constant step size t € (0,1/L] yields

| . U )
i 95l < | =55

Proof. From (3) and zg.1 =z — tV f(z), we have

SIVF@OIE < Flm) — floesn),

which verifies that gradient descent is a descent method.

N

. 2 1 (f(z0) — f(zNn11))
o2, IVF@r)llz < 57 - t(N +1)

IV ()2 < 2
0

Remark 3. Another way to write Proposition 1 is as follows: one can find an e-stationary
point of f, i.e., a point x € R? such that |V f(x)|2 < e, in O(e72) iterations. To see this,
observe that ming<z<ny ||V f(2k)||2 < € holds provided

2(f(zo) — f*)_

N+12>
tiz te?

A caveat here is that one needs to keep track of the values ||V f(z)]|2 for all £ > 0 and find
the smallest one.



Remark 4 (Backtracking line search). In Proposition 1, suppose we use backtracking line
search instead. To simplify the analysis, let a = % Then, for any k& > 0, we still have

LIV F@RIE < Fa) — Flani),

which leads to

. X 2 o~ flan) = flaxs)
. 2 ~ 2 < = o
OgﬁgNHVf(xk)Hg S N1 kzzo IV f ()l < N+1 kZ:O tk

Moreover, by (3), one can deduce that ¢, = or % > 1 which implies t;, > t, ==t A % for

B L>

all £ > 0. Therefore,

. 2(f (o) = f7)

2
< -7
min [V 7} < = s

Hence, we reach the same conclusion with the backtracking line search method. See also
Theorem 3.2 of [NW06].

Note that Proposition 1 says nothing about the convergence of f(xy) or xy; we have solely
relied on smoothness on top of the assumption that f* > —oo to find a stationary point. To
find the minimum f*, we will impose convexity, under which any stationary point is a global
minimizer.



2 Gradient Descent under Smoothness and Convexity

We keep analyzing the smooth unconstrained case: C' = R? and f: R — R is L-smooth.
We impose an additional assumption that f is convex and study how to approximate the
minimum f* = inf cge f(z) > —00 using gradient descent.

2.1 Finding the minimum under convexity

If f is convex, any stationary point is a global minimizer. Though we have shown in Propo-
sition 1 that gradient descent can find a stationary point under smoothness, that result does
not explicitly quantify the gap between f(xj) and the minimum f*. To find the minimum,
we need a related yet different approach to analyze gradient descent. Using the additional
convexity assumption, it turns out that we can explicitly quantify the gap between the value
of f after N iterations and the minimum f* as O(1/N).

Proposition 2. Suppose f: R? — R is L-smooth and conver, and f* = f(z*) for some
x* € R%. Then, gradient descent with constant step size t € (0,1/L] yields
flan) =" <

Proof. To derive an upper bound on the gap f(zx+1) — f*, let us decompose the gap as
follows:

f@ran) = 7 = floern) = o) + flae) = 7,

Vv Vv
sufficient decrease (3)  convexity of f

where the two terms on the right-hand side can be further bounded by the sufficient decrease
(3) and convexity of f, namely, we can upper bound f(zy) — f* by the linear approximation
(V f(xy), zx — x*). Accordingly, we have

flarn) = 7 < (V@) an—a7) — 2|95 @)l

Using 2(a, b) — [|al|3 = [|b]]3 — [|b — all3, note that

oot 2(xp — Tpy1, Tp — ) — ||2) — 2Ryt ||3
(Vf(e),wn = 27) = SV (@i)lls = - 5 — ”
4
_ Nl — 21 — Nk — 2713
2t '
Therefore, we have the following bound via a telescoping term:
* (|2 *]2
% T — X — | Tk+1 — T

As f(xpy1) < f(xg), we have

flay) — 5 < iNzl(f(x )= ) < o — 2713 — Il — 215 _ Jlwo — 2713
’ S Ni= o B 2LN - 24N



Remark 5. Another way to write Proposition 2 is as follows: one can find an e-suboptimal
point of f, i.e., a point # € R? such that f(z) — f* < ¢, in O(e™?) iterations.

Remark 6. In the proof of Proposition 2, convexity is used to derive the following upper
bound on the difference f(zy) — f*, namely, the primal error at xy:

flaw) — [ <AV f(xn), v — 27).

In words, the primal error at xy is at most f(xy) — lx(z*), where lg(x) := (V f(xy), z) is the
local linear approximation of f at xzj. This essentially means that for a convex function f,
we may analyze f(z)) — f* for the worst case as if f was a linear function ¢ instead. Then,
for such a linear function, one can obtain (4) by definition, which leads to the telescoping
bound (5).

Remark 7 (Backtracking line search). In Proposition 2, suppose we use backtracking line
search instead. To simplify the analysis, let a = % As in Remark 4, one can still derive (5)
with t replaced by tj, which leads to

I Lo Jlox = 2713 = [lwees — 2|3
« k— k+1 —
flan) = f <NZ(f($k+1 NZ 2 2, = 2.
k=0 k=0
As in Remark 4, recall that ¢, > t, : =t A 5 for all £ > 0. Therefore,
o Nlwo — 2|3
_ < 20 = 12
flan) = f* < SN

Hence, we reach the same conclusion with the backtracking line search method.

Remark 8 (Stationary point). Before stating Proposition 2, we have briefly mentioned that
Proposition 1, i.e., small ||V f(xy)||2, does not directly translate into small f(zy) — f*. To
this end, we need to employ the convexity again. In the proof of Proposition 2, for any
m < N, applying (3) yields

N—

N—-1
t
() Flenn)) > 5 S IV F @3
k=m

=m

,_.

El

Therefore,

2/ (o)~ o)

By Proposition 2,
) — flan) < flan) — f* < 1= 27l
B o 2tm
Therefore,
> 7o —all;

8



By letting m = | N/2], we conclude that

i <O(1/N
min V()2 < O(1/N),
meaning that we can find an e-stationary point in O(e™!) iterations. Compare this with
Proposition 1; convexity provides a faster convergence of ming<x<n ||V f(zx)[|2. The above
argument is based on [Nes12].

Remark 9. It is important to remember that Proposition 2 does not guarantee the conver-
gence of xj to z*. Nevertheless, we can show that ||z, — x*||2 decreases for any minimizer
r* € Opty = {w € R?: f(x) = f*}, where Opt,; denotes the set of all minimizers; in fact,
we have already shown this by (5), which is true for ¢ € (0,1/L]. More generally, we can
prove this for any ¢ € (0,2/L) by using the co-coercivity of V f implied by convexity and
L-smoothness of f; see Lemma 2 below. To see this, invoking (4) again (notice that (4) is
true for any ¢ > 0), provided t € (0,2/L), we have

e = a1 s — 213 = 20V (). — =) — 9 £
2
> (1) IV Fa0l? )
>0,

which shows that ||z — 2*||s decreases. As this is true for any minimizer z*, one can deduce
that the distance from zj to the set of all minimizers Opt, must decrease as well; in other
words, the distance infieop, [|[75 — 7|2 decreases.

Lemma 2. Let f: RY — R be a convex function and L > 0. Then, the following are
equivalent.

(i) f is L-smooth.
(ii) f satisfies

7() ~ £@) ~ (V@)y ~ )] < Sy —all} Voy e RY
(i1i) V f is co-coercive, namely,
(Vf(x)=Vf(y),z—y) > %va(x) ~ Vil Vr,yeRY (7)

Proof. (i) implies (ii) by Lemma 1. (iii) implies (i) by the Cauchy-Schwarz inequality. For
these two directions, convexity of f is not used. We show that (ii) implies (iii); here, convexity
is necessary. To this end, fix z € R%. Define g(z) = f(2) — (Vf(z),2) for all z € R% then,
g is convex, and z is a minimizer of g as Vg(z) = 0. Also, from (ii), one can verify that g
satisfies

L
l9(z) = 9(y) = (Vg(y), 2 =) < Sll= = yl3 Vz,y € RL



Therefore,

o) = inf, (=) < i, (0 + (Valo)z — ) + 5= w13 )

z€R4 z€R4
—Q(2)
where the quadratic function () is minimized by z = y — ng(y)‘ Hence,
. IVa(y)l3
< inf = — =
g(z) < inf Q(2) = g(y) 5L

Accordingly,

2 IVeWIE _ V() = V@)
2L 2L '

fy) = f@) = (Vf(z),y —x) = g(y) —g(x) =

Reversing the role of z and y,

, I94@) = VIR

f(@) = fly) = (Vf(y),z—y) 5T

Combining the above inequalities, we have (7). O

2.2 Convergence to the minimizer under strong convexity

As noted in Remark 9, Proposition 2 does not guarantee the convergence of z; to x*. The
main catch is that (6) is insufficient to prove such a result. In order to prove convergence,
we want to modify (6) as follows: there exists a constant v € (0,1) such that

want

lo = 2713 = o — 7[5 = 26V f (@), 2 — 2") = [V (@p)ll3 = vllaw —27[l2-

This essentially means that we want a lower bound on (V f(xy), xx — x*) that involves the
term ||z — x*||3. It turns out that such a lower bound is obtainable if f is strongly convex.

We first recall the definition of strong convexity and show that strong convexity and
smoothness together imply a stronger version of co-coercivity than (7), which is the key to
proving the convergence of x to x*.

Definition 2. A function f: R? — (—o0, 00| is p-strongly convex for some p > 0 if f—£]|-||3
is convex, or equivalently,

FO@ + (1= X)y) S Af(@) + (L= Nf@y) = SAL =Nz =yl Yoy e RN € 0,1,
If f is p-strongly convex and is differentiable, then
() 2 J(@) + (VS @)y —2) + Slly — al3 Vay € R
Lemma 3. If f: R? — R is L-smooth and p-strongly convex, then p < L must hold and

(V1) = Vo =) = Hllo =yl + —IV/@) - VG Ve eRL ()

10



Proof. Let g(z) = f(x) — &||z||3 for all z € R% then, Vg(z) = V f(z) — pa. The p-strong
convexity of f implies that g is convex. Combined with the L-smoothness of f, we have for
any z,y € RY,

0<(Vg(z) = Vg(y),z —y) = (Vf(x) = VIy),z—y) —plz—yl5 < (L—plz—yl3.

Hence, we have p < L. If yp = L, we must have (Vf(z) — Vf(y),z —y) = ullz — yl|3 for
all z,y € R%, which, combined with (7) with L = p, yield (8). Consider the case u < L.
From (Vg(z) — Vg(y),z —y) < (L — p)||x — yl||3, one can deduce, by mimicking the proof of
Lemma 3, that

L —
9(y) — 9(@) = (Vg(@),y = )| < = Fly —all} v,y R,

which, together with the convexity of g, implies that Vg is co-coercive by Lemma 2, namely,

7 IV9(e) = Vo) < (Va(o) = Volu).o )
= (Vf(@) = VI(y),z —y) — pllz -yl
Plugging in Vg(z) — Vg(y) = Vf(z) = Vf(y) — u(z — y), we have (8). O

Now, we show that gradient descent converges linearly for strongly convex and smooth
functions. Here, linear convergence means that the gap decreases by a constant factor in
each iteration, leading to an exponential decrease of the gap as the number of iterations
increases.

Proposition 3. Suppose f: R? — R is L-smooth and u-strongly convez, and f* = f(z*) for
some x* € R? so that x* is the unique minimizer of f. Then, gradient descent with constant
step size t € (0,2/(u+ L)] yields

. 2tul \" .
o =3 < (1= 222 oy -

and

. L 2tul \" .
flan) = f SE(l_M—L> [E

meaning that one can find an e-suboptimal point in O(log(1/e)) iterations. Particularly, if
we choose t =2/(u+ L), then

N
o =3 < (S ) oo — "l

and

k+1

where k := L/ is often called the condition number of f.

L(x—1\"
fan) -1 < 5 (557) =o'l

11



Proof. Now, provided ¢ € (0,2/(u + L)),
lok = 2™ )13 = o — 2715 = 26V f (), 20 — &%) = |V f ()12

Qt/’LL ® |2 2 2

> . t—— —t

> 2 o=t (2 ) IV Sl
2tpL 9

> = _ *

T

where the equality is (4) and the first inequality follows from (8) with V f(2*) = 0. Hence,
2tpL N
oy — 2[5 < ( #+L) [0 — 2|13

Also, we have

. L . L 2tul \ .
flaw) = < Floy ' < 5 (1= 220) foo -l

where the first inequality follows from Lemma 1 with V f(z*) = 0. O

2.3 Convergence under the Polyak-Lojasiewicz condition

In many optimization problems, strong convexity may not hold. In the literature, there
has been a line of research that studies the convergence of gradient descent under weaker
conditions than strong convexity. One such condition is the Polyak-Lojasiewicz (PL) condi-
tion, which is strictly weaker than strong convexity but still guarantees linear convergence
of gradient descent.

Definition 3. A function f: RY — R satisfies the Polyak-Lojasiewicz (PL) condition with
parameter g > 0 if

LIV @B 2 a7 (@)~ ) Ve e R Q)
where f* = inf,cga f(2).

Lemma 4. If f: R? — R is u-strongly convex and differentiable, then f satisfies the PL
condition with parameter f.

Proof. From
() 2 J(@) + (Vi(@)y —2) + Slly — a3 Yoy e R,

let us minimize the right-hand side over y € R? while keeping « fixed, namely,

. v B ) ey V@)
min (/@) +(Vf()y =) + 5l — o) = @) = 5 2,
where the minimum is attained at y = x — %(x). Hence,
V£(x)|?
56 2 fa) - LRy, e o
i
which leads to (9). O

12



From (9), observe that the PL condition implies that any stationary point of f must be a
global minimizer. Unlike strong convexity, the PL condition does not require the uniqueness
of the minimizer; in fact, there can be multiple minimizers of f under the PL condition.
Also, the PL condition does not imply the convexity of f; in fact, there exist non-convex
functions that satisfy the PL condition.

Now, we show that gradient descent converges linearly under the PL condition. The key
is to combine (3) and (9) to obtain a linear decrease of the gap f(zx) — f*.

Proposition 4. Suppose f: R? — R is L-smooth and satisfies the PL condition with param-
eter p > 0. Then, u < L must hold, and gradient descent with constant step size t € (0,1/L]
yields

flan) = f* < (1= ut)™ (flao) = ),

meaning that one can find an e-suboptimal point in O(log(1/e)) iterations.

Proof. To see u < L, recall from (3) that

1
[l =Vf@)/L) < f(z) = 57 V@) Ve e R
Hence,
. 1
F <) o V@R Ve € B,
which, combined with (9), implies u < L. Now, with ¢ € (0,1/L], we have for any k£ > 0,
* * t *
F@nn) = f7 < flaw) = 17 = SIVF@olz < (1= pt)(f(2e) = ),
where the first inequality follows from (3) and the second inequality follows from (9). Hence,

flan) = f* < (= pt)™ (f(x0) — f7).

13



3 Projection for Constrained Convex Optimization

In this section, we assume C' C R? is closed and convex. Also, we assume f is L-smooth
and convex on C'; here, L-smoothness on C' means that Vf is well-defined on C' and is
L-Lipschitz. In this setting, the gradient descent update rule may produce a point outside
of C', namely, one may encounter the situation where x —tV f(x) ¢ C for x € C and t > 0.
A simple remedy for this situation is to project the point z — ¢tV f(x) back to the set C. It
turns out that such a projection is well-defined as long as C' is closed and convex.

Definition 4. Let C' C R? be a closed convex set. For any z € R¢, define

Po(x) := argmin ||z — z||o.
zeC

We call Po: R? — C the projection operator onto C'.

We show that Pg is well-defined. Pick any element w € C and let r := ||w — z|. If
r = 0, then Po(z) must be w. Otherwise, let B.(z) := {z € R? : ||z — z||, < r}. Then,

minimizing g(z) := ||z — z||2 over C is equivalent to minimizing g over C' N B,(x), namely,
min ||z — x| = min ||z — ..
zeC 2€CNBr(x)

Since C'N B,(z) is compact and ¢ is continuous, ¢ admits a minimizer on C'N B,.(z), which
must be a minimizer of g on C'. This shows the existence of minimizers of g on C'. We show
that there can be only one minimizer. Suppose z1, zo € C' are minimizers of g on C, namely,

lz0 = @ll2 = [z = @[l> = min ||z — zf|]s =: .

Then, by the parallelogram law,

21 — 22||2 21 — T||2 Z9 — T||9 21 Z9 2 2 21 Z9
I [ (Rl 5 122 P =5 |22
2

- 2 -7 2 —CL‘HiSO,

4 2

where the last inequality follows as % € C. Hence, z; = 29, which shows the uniqueness
of the minimizer.

Lemma 5. Let C C R? be a closed convex set. Then, for any x € RY,
(Po(z) —x,z— Po(x)) >0 Vzel.

Proof. Let f(z) = 3|z — «|j3 for any = € R%. Now, fix = € C. Fort €

0,1], define
h(t) = f(Pc(x) + t(z — Po(x))). Then, by definition, h(t) > h(0) for all ¢ € [0, 1].

Hence,
0 < lim ht) = MO) _ W(0) = (Po(x) — x, 2 — Po(x)).
O

14



Using the projection operator Pg, one may attempt the following projected gradient
descent: given an initial point xy € C, for k > 0, iterate

Tpy1 < Po(x — t,V f(xg)) for some suitable ¢ > 0.

Of course, in order for projected gradient descent to be practical, the projection operator
Pe should easily be computable; for instance, C' is a Euclidean ball.

Using Lemma 5, we can verify that projected gradient descent is a descent method
provided t < % To this end, use Lemma 1 to derive

F@n) = F(a) < (@), v — ) + 2 s — il

Since

tV f(zr) = o — (vp =tV f(2r)) = (0% — Tpy1) + (@1 — (2 =tV f(21))),  (10)
we have

|Zhs1 — 2|3 N (Trp1 =tV f(xh), Trg1 — T))
t /
ok — 23
_ t )

(Vf(xr), 1 — x) = —

where the inequality follows from Lemma 5. Therefore,

1 L

f(@re) — flan) < — <¥ - 5) |zks1 — 2 ll3, (11)

which verifies that projected gradient descent is indeed a descent method provided ¢ < %

Proposition 5. Suppose f: R? — R is convex and L-smooth on a closed convex set C' C R?;
also, assume f* := inf,cc f(x) = f(z*) for some z* € C. Then, projected gradient descent
with constant step size t € (0,1/L] yields

o — |13
2tN
Proof. Using L-smoothness (Lemma 1) and convexity,

f(xrg) = = florpr) — fae) + flze) —

L
<(Vf(zr), o1 — 1) + §||$k+1 — x5 + (V f(2x), 21 — %)

flan) = f* <

L
= (V@) 2ir — 2) + 2 ek — aull
Using (10), we have

(T, — g1, T — %) + (T — (2 — tV f(21)), Tp1 — %)

t (12)

<vf(xk‘)7 Tht1l — x*) =

< (T — Thg1, Tpg1 — )
_— t )
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where the inequality is due to Lemma 5 (recall that 2* € C'). Therefore, we have

Tp — Thatl, Tyl — T L
e = Bonts Bt 200 | Dy g (13)

flxpg) — fF <

: 1
Using t < £, we have

2(T — Tpg1s Thy1 — ) + |1 — 223

|2 — 2% 13 — [|ora — 2*]I3

2t ’

flxpg) — fF <

where the last equality uses 2(a,b) + ||al|3 = ||a + b||3 — ||b||3. Therefore,

Faw) — £ < =3 (flan) - ) < I 1B
k=0

O

Remark 10. The implication of Proposition 5 is that projected gradient descent yields
the result essentially the same as the unconstrained case (cf. Proposition 2) as long as the
L-smoothness and convexity are satisfied on the closed convex set C'. Though projected
gradient descent is as good as gradient descent for the unconstrained case in theory, one
should keep in mind that projected gradient descent is practical only when Pg is easily
computable.

Remark 11. The previous results (11) and (13) follow from the following general result: for

any z € C,

Tp — Thal, Thy1 — % L
Flonn) < f() + Lm0 22 By e (19

Clearly, one can derive (11) by letting z = . To derive (13), let z = z* and use the last
two equalities of (12). To derive (15), observe that

Flore) < FGoe) + (V) ns = ) + 5 s —

< f(2) AV f(@n), 2 — 2) +(Vf(xn), Teyr — ) + gHJ/'kH — i3

= J(2) + (VF ), wain — =) + s — il

where the inequalities are due to L-smoothness and convexity. Hence, to derive (15), it

suffices to show
(Th — Thy1, Thy1 — 2)

(Vf(xn), tpe1 — 2) < ;

One can prove (16) by means of Lemma 5; simply mimic (12) with z instead of z*.

(16)

Remark 12. As in Remark 9, note that (14) implies that the distance from zj to the set
of all minimizers Opt, := {x € C': f(x) = f*} must decrease; in other words, the distance
inf,copt, ||xx — x||2 decreases.
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Proposition 6. Suppose f: RY — R is p-strongly convex and L-smooth on a closed convex
set C C RY; also, assume f* = inf,ec f(x) = f(x*) for some 2* € C so that x* is the unique
minimizer of f on C. Then, projected gradient descent with constant step size t € (0,1/L]
yields

lon =23 < (1= pt)™[|zo — "3

and

AN
flan) 1 < C Dy o

Proof. Using L-smoothness (Lemma 1) and p-strong convexity,
f(@p1) = 7= f(@es) = flan) + flar) = f°
L
< (VS (@k)swesn = 2e) + Zllzeen — allz + (Vf (), 00 — 27) = g”wk — a3
_ * L 2 :u * (12
= (V). 2han — %)+ o — 2all3 — S — 2
Using (12) (or (16)), for ¢ < 1, we have

Tp — Tt Thpr — ) L
(z, k+1) Lk41 ) + §H$k+1 — all5 — g”xk - "

flrp) — fF <

t
2{x, — x T — "+ ||z — a2
< < k k41, Lk+1 5 > || k+1 k||2 B ngk B x*Hg
T, — 1t 2 T —r* 2 L
_ || k H2 2!’ k+1 ||2 i Eka . 1'*H§,

where the last equality uses 2(a, b) + ||al|5 = ||a + b||3 — ||b||3. As f(zry1) > f*, we have
lwkr — 2" < (1 = pt) [l — 27 f2-

Therefore,
lon —2*[I3 < (1 — pt)™||zo — 27|13

and ) ) N
fon) - < Ll = o e = a3 (1)

|2

]

Beyond Euclidean projection Though the projection operator P is well-defined for any
closed convex set C' C R?, it may not admit a simple closed form in general; e.g., consider
C = Agor C =[0,1]% To tackle this issue, one may use the Bregman projection based on
the Bregman divergence which serves as a non-Euclidean distance. Or, if solving a linear
problem over C' is easy, one may use the Frank-Wolfe algorithm.
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